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ABSTRACT 
 
 We introduce a new continuous distribution called the Burr XII-Burr XII distribution. 
Some of its properties are derived. The method of maximum likelihood is used to 
estimate the unknown parameters. An application is provided with details to illustrate the 
importance of the new. The new model provides adequate fits as compared to other 
related models with smallest values for A-IC, B-IC, CA-IC and HQ-IC. Characterization 
results are presented based on two truncated moments, hazard function as well as based 
on the conditional expectation. 
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1. INTRODUCTION 
 
 Analogous to the Pearson system of distributions (see Elderton, (1953) and Elderton 
and Johnson, (1969)), Burr (1942) introduced another system of distributions that 
includes twelve types of cumulative distribution functions (CDFs) which yield a variety 
of density shapes. This system is obtained by considering CDFs satisfying a certain 
differential equation whose solution is given by 
 
 ( )  
 
      ( )  
  
 
where  ( ) is chosen such that  ( ) is a CDF on the real line. Twelve choices for  ( )  
made by Burr, resulted in twelve distributions which might be useful for fitting data. For 
more details see Burr (1942), Burr (1968), Burr (1973), Burr and Cislak (1968), Hatke 
(1949) and Rodriguez (1977). Special attention has been paid to one of these forms called 
Type XII. The CDF and probability density function (PDF) of the three-parameter BXII 
distribution are given, respectively, by  
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where both     and     are shape parameters,     is the scale parameter. For 
     the BXII model reduces to the Lomax (Lx) or Pareto type II (PaII) model. For 
     the BXII model reduces to the log-logistic (LL) model. For       the BXII 
model reduces to the one-parameter Lx or one-parameter PaII model. For       the 
BXII model reduces to the one-parameter LL model. For     the BXII model reduces 
to two-parameter BuXII model. When     the BXII model reduces the two-parameter 
Weibull (W) model, for     and     the BXII model reduces the one-parameter W 
model. Tadikamalla (1980) studied the BXII model and its associated models, namely: 
PaII (Lx), LL, compound Weibull, gamma (Ga) and Weibull exponential (WE) 
distributions. Recently, Cordeiro et al. (2018) defined the Burr XII-G (BXII-G) family of 
distributions with CDF 
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 The PDF corresponding to (3) is 
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where   ( ) is the baseline PDF and   = (         ). The new model (BXII-BXII) has 
CDF 
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and PDF 
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 Recently, many authors considered the extension of the BXII model such as Shao 
(2004), Altun et al. (2017), Alizadeh et al. (2017a and b). Afify et al. (2018), Yousof  
et al. (2018), Cordeiro et al. (2018), Altun et al. (2018a and b) and Yousof et al. (2019). 
From Figure 1(a) we see that the new PDF can be left skewed and right skewed (see also 
Table 2 for more details about the skewness and kurtosis of the new model). It is clear 
from Figure 1(b) that the HRF can be upside down and decreasing. Equation (5) contains 
as sub-models several generated models. Generally, for β = 1 (b=1), we can change the 
first (second) name of the model by LL. The log-logistic-log-logistic (LLLL) model 
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follows when β = b = 1. For α = 1 (a=1), we can change the first (second) name by PaII. 
For α = 1 and b=1, we obtain the PaII-LL model. If β → ∞ (or b→∞), the first (second) 
name can be changed by Weibull (W). For c=1 we have same model with a smaller 
number of parameters. If we combine these conditions, we can generate at least 40 
special cases of (5).  
 
Table 1 
Some Special Submodels of BXII-BXII Model 
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Figure 1: plots of the PDF and HRF for selected values of the parameters.
 
Figure 1: plots of the PDF and HRF for selected values of the parameters.
 
 
Figure 1: Plots of the PDF and HRF for Selected Values of the Parameters. 
 
2. PROPERTIES 
 
2.1 Linear Representation 
 We denote by    BXII-BXII (α β      ) a random variable (rv) with PDF (6). In 
this subsection, we provide a useful linear representation for the density of  , which can 
be used to derive some mathematical properties of the BXII-BXII model. The CDF (5) 
can be expressed as  
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 First, we shall consider the three series 
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and the generalized binomial series given by  
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 Applying (8) for   in (7), we obtain  
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 Second, using the binomial expansion, the last equation can be expressed as  
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 Third, applying (9) for   in the last equation, we can have 
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is the CDF of the exponentiated BXII [α( - )   ]   and 
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 Upon differentiating (11) and applying (10), we obtain 
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where     (   )  ( ) is the BXII density with parameters    (   ),   and  
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 Equation (12) reveals that the BXII-BXII density is a linear combination of BXII 
densities. So, some of its mathematical properties can be determined from those of the 
BXII distribution. 
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2.2 Ordinary Moment 
 
 The  th ordinary moment of   is given by  
 
  
   (  )  ∑   ∫  
      (   )  ( )   
 
 
 
   
 
or  
  
   (  )  ∑    (   ) 
  ( (   )  
 
 
 
 
 
  )  (    (   )) 
 
   
 (13) 
 
 Setting     in (13), we have the mean of  . The  th central moment (  ) and 
cumulants (  ) of  , are given, respectively, by  
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where      
 . 
 
2.3 Numerical Analysis for Expected Value, Variance, Skewness and Kurtosis 
 The skewness and kurtosis measures can be calculated from the ordinary moments 
using well-known relationships. The effects of the parameters         and   on the 
mean, variance, skewness and kurtosis, for given values, are displayed in Table 2. For 
Table 2 we have the following results: 
 
1- The BXII-BXII density can be right skewed or left skewed. 
2- The kurtosis can be more than 3 or less than 3. 
3- The parameters   and   have minimal effect on the expected value. 
4- The parameters   and   have less effect on the kurtosis.  
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Table 2 
Numerical Results for Expected Value, Variance, Skewness, Kurtosis 
 
 
2.4 Moment Generating Function 
 The moment generating function (MGF) of  , say   ( )   [   (  )], can be 
obtained from (12) as 
 
  ( )  ∑       (   )  ( ) 
 
   
 
 
where    (   )  ( ) is the MGF of the BXII distribution with parameters    (   ) and 
 . Next, we require the Meijer G-function defined by 
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where   √   is the complex unit and   denotes an integration path (Gradshteyn and 
Ryzhik, 2000). The Meijer G-function contains, as particular cases, many integrals with 
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elementary and special functions (Prudnikov et al. (1986)). We now assume that    
 
 
 
where   and   are positive integers. This condition is not restrictive since every positive 
real number can be approximated by a rational number. We have the following result, 
which holds for m and k positive integers,      and     (Prudnikov et al., 1992). 
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We can write (for    ) 
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Hence, the MGF of   can be expressed as 
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2.5 Incomplete Moments 
 The  th incomplete moment, say   ( ), of the BXII-BXII distribution is given by 
  ( )    
  ( )  
 
 
. From equation (12), we have 
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and using the lower incomplete gamma function, we obtain  
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  )  
 
   
 
 
 The first incomplete moment of  , denoted by   ( )  is simply determined from the 
above equation by setting    . The first incomplete moment has important applications 
related to the Bonferroni and Lorenz curves and the mean residual life and the mean 
waiting time. Furthermore, the amount of scatter in a population is evidently measured, to 
some extent, by the totality of deviations from the mean and median. The mean 
deviations, about the mean and about the median of  , depend on   ( ). 
 
2.6 Residual and Reversed Residual Life Functions 
 The  th moment of the residual life (RL), denoted by  
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 The  th moment of the reversed residual life, say  
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3. CHARACTERIZATION RESULTS 
 
 This section deals with the characterizations of the BXII-BXII distribution based on: 
( ) a simple relation between two truncated moments; (  ) hazard function and (   ) the 
conditional expectation of a function of the random variable. We like to mention that the 
characterization ( ) can be employed when the CDF does not have a closed form. We 
present our characterizations ( )  (   ) in three subsections. 
 
3.1 Characterizations based on Two Truncated Moments 
 In this subsection we present characterizations of BXII-BXII distribution in terms of a 
simple relationship between two truncated moments. The first characterization result 
employs a theorem due to Glänzel (1987), see Theorem 3.1.1 below. Note that the result 
holds also when the interval   is not closed. Moreover, as mentioned above, it could be 
also applied when the CDF   does not have a closed form. As shown in Glänzel (1990), 
this characterization is stable in the sense of weak convergence. 
 
Theorem 3.1.1.  
 Let (     ) be a given probability space and let   [   ] be an interval for some 
   (         i ht  s ell be  ll  ed)  Let       be a continuous random 
variable with the distribution function   and let   and   be two real functions defined on 
  such that 
 
 [ ( )      ]   [ ( )      ] ( )        
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is defined with some real function  . Assume that  ,     ( ),     ( ) and   is 
twice continuously differentiable and strictly monotone function on the set  . Finally, 
assume that the equation      has no real solution in the interior of  . Then   is 
uniquely determined by the functions  ,   and  , particularly 
 
 ( )  ∫  |
  ( )
 ( ) ( )   ( )
|    (  ( ))     
 
 
 
 
where the function   is a solution of the differential equation    
    
      
 and   is the 
normalization constant, such that    
 
  . 
 
Proposition 3.1.1. 
 Let     (   ) be a continuous random variable and let,  ( )    and  
 ( )  {[(  
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 for      The random variable   has PDF ( ) if and 
only if the function   defined in Theorem 3.1.1 has the form 
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Proof:  
 Let   be a random variable with PDF ( ), then 
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 Conversely, if   is given as above, then 
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   , and hence 
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 Now, in view of Theorem 3.1.1,   has density ( )  
 
Corollary 3.1.1.  
 Let     (   ) be a continuous random variable and let  ( ) be as in Proposition 
3.1.1. The PDF of   is (6) if and only if there exist functions   and   defined in Theorem 
3.1.1 satisfying the differential equation 
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 The general solution of the differential equation in Corollary 3.1.1 is 
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where   is a constant. Note that a set of functions satisfying the above differential 
equation is given in Proposition 3.1.1 with   
 
 
  However, it should be also noted that 
there are other triplets (     ) satisfying the conditions of Theorem 3.1.1. 
 
3.2 Characterization based on Hazard Function 
 It is known that the hazard function,   , of a twice differentiable distribution  
function,  , satisfies the first order differential equation 
 
  ( )
  ( )
 
  
 ( )
  ( )
   ( )  
 
 For many univariate continuous distributions, this is the only characterization 
available in terms of the hazard function. The following proposition establish a  
non-trivial characterization of BXII-BXII distribution in terms of the hazard function, 
which is not of the above trivial form. 
 
Proposition 3.2.1.  
 Let     (   ) be a continuous random variable. The PDF of    is ( ) if and only 
if its hazard function   ( ) satisfies the differential equation 
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Proof: 
 Is straightforward and hence omitted. 
 
Remark 3.2.1.  
 For α   , the above differential equation has the following simple form 
 
  
 ( )  
   
 
  ( )     
        (   ) (  
  
  
)
  
      
 
3.3 Characterizations based on Conditional Expectation 
 The following proposition has already appeared in Hamedani, (2013), so we will just 
state it here which can be used to characterize the BXII-BXII distribution. 
 
Proposition 3.3.1. 
 Let     (   ) be a continuous random variable with CDF  . Let  ( ) be a 
differentiable function on (   ) with         ( )   . Then for     
 
 [ ( )      ]    ( )     (   )  
 
if and only if 
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Remarks 3.3.1.  
a) For (   )  (   )  ( )  {[(  
  
  
)
 
  ]
 
  }
  
 and   
 
   
, Proposition 
3.3.1 provides a characterization of BXII-BXII distribution.  
b) For (   )  (   )      ( )  (  
  
  
) and  
  
    
, Proposition 3.3.1 
provides a characterization of BXII-BXII distribution.  
c) Of course, there are other suitable functions than the ones we mentioned above, 
which are chosen for simplicity.  
 
4. ESTIMATION 
 
 In this Section we shall estimate the unknown parameters with the method the 
maximum likelihood (ML). The log likelihood function,       will be 
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 The above log-likelihood function can be maximized numerically by R (optim), SAS 
(PROC NLMIXED) or Ox program (sub-routine MaxBFGS), among others. The 
elements of the     observed information matrix can be evaluated numerically, where 
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5. APPLICATIONS 
 
 We provide four applications to illustrate the importance, potentiality and flexibility 
of the DBXII model. For these data, we compare the DBXII distribution, with BXII, 
Marshall-Olkin BXII (MOBXII), Topp Leone BXII (TLBXII), Zografos-Balakrishnan 
BXII (ZBBXII), Five Parameters beta BXII (FBBXII), BBXII, B exponentiated BXII 
(BEBXII), Five Parameters Kumaraswamy BXII (FKwBXII) and KwBXII distributions 
given in Afify et al. 2018, Yousof et al. 2018a,b and Altun et al. 2018a,b. For illustrating 
the importance of the new model we shall use data set called taxes revenue data  
{5.9, 20.4, 14.9, 16.2, 17.2, 7.8, 6.1, 9.2, 10.2, 9.6, 13.3, 8.5, 21.6, 18.5, 5.1, 6.7, 17, 8.6, 
9.7, 39.2, 35.7, 15.7, 9.7, 10, 4.1, 36, 8.5, 8, 9.2, 26.2, 21.9,16.7, 21.3, 35.4, 14.3, 8.5, 
10.6, 19.1, 20.5, 7.1, 7.7, 18.1, 16.5, 11.9, 7, 8.6, 12.5, 10.3, 11.2, 6.1, 8.4, 11, 11.6, 11.9, 
5.2, 6.8, 8.9, 7.1, 10.8}. The actual taxes revenue data (in 1000 million Egyptian pounds). 
We consider the following goodness-of-fit statistics: the Akaike information criterion  
(A-IC), Bayesian information criterion (B-IC), Hannan-Quinn information criterion  
(HQ-IC), consistent Akaike information criterion (CA-IC), where  
 
          ( ̂)      
 
          ( ̂)      ( )  
 
           ( ̂)       [   ( )]  
and  
           ( ̂)     (     )  
 
where   is the number of parameters,   is the sample size and   ( ̂) is the maximized 
log-likelihood. Generally, the smaller these statistics are, the better the fit. Table 3 gives 
the maximum likelihood estimations (MLEs), standard errors (SEs) (in parentheses), 
confidence interval (CIs) (in parentheses) for taxes revenue data. Table 4 gives A-IC,  
B-IC, CA-IC and HQ-IC values for taxes revenue data. Based on the values in Tables 4 
and Figure 2 the BXII-BXII model provides the best fits as compared to other BXII 
models with small values for B-IC, A-IC, CA-IC and HQ-IC. 
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Table 3 
MLEs, SEs and CIs. 
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Table 4 
A-IC, B-IC, CA-IC and HQ-IC values for taxes revenue data. 
 
 
 Figure 2 gives the estimated PDF, P-P plot, estimated HRF, estimated CDF and the 
Kaplan-Meier survival plot. Figure 2 show that the new model provides an adequate fit to 
the used data set. 
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Figure 2: Estimated PDF, P-P Plot, estimated HRF, estimated CDF  
and Kaplan-Meier Survival Plot for Taxes Revenue Data. 
Ahmed M. Gad et al. 247 
6. CONCLUSIONS 
 
 In this work, we introduce a new continuous distribution called the Burr XII-Burr XII 
distribution. Some of its properties are derived. The method of maximum likelihood  
is used to estimate the unknown parameters. The new model provides adequate fits  
as compared to other related models with smallest values for A-IC, B-IC, CA-IC and  
HQ-IC. Certain characterization results are presented as well. 
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